Zero Dissipation Limit Problem for One-Dimensional Navier-Stokes Equations and Related Topics by 张映辉
学校编码：10384 分类号 密级
学号：19020060153168 UDC
博 士 学 位 论 文
一维 Navier-Stokes方程的零耗散
极限问题及其相关问题
Zero Dissipation Limit Problem for One-Dimensional
Navier-Stokes Equations and Related Topics
张 映 辉
指导教师姓名：谭 忠 教授
专 业 名 称：应 用 数 学
论文提交日期： 2010 年 4 月











































































































中文摘要 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V
英文摘要 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . VII
第 一 章 绪论 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 第一部分 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 第二部分 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 第三部分 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
第 二 章 一维可压等熵 Navier-Stokes方程的零耗散极限问题 . . . . . 7
2.1 问题的介绍和主要结果 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 逼近解 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3 粘性激波的性质和波干扰估计 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
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程之一. 2000年 5月 24日, 美国克莱数学研究所的科学顾问委员会把 Navier-Stokes方
程: 证明或否定三维 Navier-Stokes方程解的存在性和光滑性(在合理的边界和初始条件
下)列为七个“千禧难题”(又称世界七大数学难题)之一. 因此, 研究 Navier-Stokes方程具
有很重要的实际意义和理论价值.
本文内容分为三部分, 第一部分为本文的第二章, 主要讨论了一维可压等熵 Navier-
Stokes方程的零耗散极限问题. 准确的说, 我们考虑激波初值使得相应的 Euler方程拥
有一个两个激波的叠加波解. 我们证明了 Navier-Stokes具有激波初值的解整体存在, 而
且当粘性消失的时候, 它一致收敛到相应的无粘组合激波. 对固定的粘性, 当时间趋向于
无穷的时候它关于空间变量一致收敛到两个粘性行波的叠加波.
我们克服的主要困难有以下三点:
第一, 由于我们考虑的是非光滑初始扰动 [1–6]中的经典能量方法在这里失效. 确实,
Liu在文献 [6]中证明了: 当初始扰动的空间反导数的 H2范数充分小的时候, 单个粘性行
波是渐近稳定的. 但是, 对于我们的激波初值, 很容易发现它的空间反导数的 L2范数具
有 δ−1/2阶, 其中 δ = |U+ − U−|. 因此, 当我们要求 δ越来越小的时候, 空间反导数的H2
范数变得任意大. 我们改进 [7]中的方法来克服这个困难. 精确的说, 我们利用 Burgers方
程构造一定的逼近解, 这样, 至少在时间 O(δ−2−ϑ) (这里 ϑ是一个小的正常数)内, 我们
能够证明这个逼近解充分靠近我们的精确解. 最后, 对于大时间, 我们证明了精确解充
分靠近两个粘性激波的叠加波. 方法是基于基本的能量估计办法, 把时间 O(δ−2−ϑ)作
为“初始时间”.
第二, 因为我们考虑组合波, 我们不能像文献 [7]一样得到我们想要的估计 δ̃2 ≤ Cδ3.























第一, 由于非等熵使得方程的非线性和耦合性更强. 因此, 逼近解的构造更加复杂,




数技巧. 因此我们巧妙地运用 [8]中引进的那个新的线性扩散波, 便可以成功地运用反导
数技巧, 以达到我们的目的.
第三部分为本文的第四章, 主要讨论了一个具有疏散项的半线性双曲系统的零
疏散极限问题. 具体的说, 我们考虑稀疏波初始值情形. 我们证明了如果波强度充分
小, 那么疏散系统的解关于时间整体存在, 并且当疏散时间趋向于零时除了初始层它
一致收敛到相应的稀疏波. 证明的关键在于如何得到: 跳跃关于时间是指数衰减的结
论. 这里我们采用了 [9,10]的基本思想, 但是我们的能量估计方法是新颖的. 而且因为
初始值在 x = ±∞ 处的极限 (u±, v±) 不满足平衡方程, 即 v± 6= f(u±), 我们不能直
接应用经典的能量估计方法,这里我们巧妙地构造了一对新的误差函数克服了这个困难.
















In this thesis, our aim is to study the zero dissipation limit problem for the one-
dimensional Navier-Stokes equations and zero relaxation limit problem for a semilinear
hyperbolic system. It is known that Navier-Stokes equations is one of the most important
equations in fluid mechanics and gas dynamics. On May 24, 2000, the Clay Mathematics
Institute of Cambridge, Massachusetts (CMI) has named Navier-Stokes equations: ex-
istence and smoothness of Navier-Stokes equations on R3 (under reasonable boundary
condition and initial condition) as one of seven million problems. Therefore, studying of
Navier-Stokes equations is very important.
This paper consists of three parts. Part 1 is the second chapter in this paper, and to
study the zero dissipation limit problem for the one-dimensional Navier-Stokes equations
of compressible, isentropic gases. Precisely, we consider the case that the corresponding
Euler equations admit a composite wave consisting of two shock waves. We prove that
the solution of the Navier-Stokes equations with shock wave data exists for all time, that
it converges to the inviscid composite wave consisting of two shock waves as the viscosity
vanishes, uniformly away from the shocks, and that it converges uniformly in space to a
composite wave of two viscous shock waves for fixed viscosity, as t goes to infinity.
Main difficulties and techniques involved in studying our problem are as follows:
First, due to the nonsmooth initial perturbation, the classic energy method devel-
oped in [1–6] dose not work here. Indeed, Liu shows in [6] that the single viscous wave is
asymptotically stable under the initial perturbation has a spatial antiderivative which is
small in the sense of H2-norm. However, for our shock wave data, it is easy to see that the
L2-norm of
∫ x
−∞(U − Ū εαε1,αε2)(y, 0)dy is on the order of δ−1/2, where δ = |U+ − U−|. Thus,
as we take smaller and smaller δ, the size of the initial perturbation U(x, 0)− Ū εαε1,αε2(x, 0)
becomes arbitrarily large, at least as measured in the norm by this stability result. We
overcome this difficulty by applying the technique used in Hoff and Liu [7]. More precisely,
as in [7], we introduce a certain approximate solution constructed from solutions of the
Burgers equation. Then, we can prove that the approximate solution remains close to the
solution U , at least for time up to time O(δ−2−ϑ), where ϑ is a small positive constant.















wave consisting of 1-viscous shock wave and 2-viscous shock wave. This is done by way
of elementary energy estimates , using the time O(δ−2−ϑ) as “initial time”.
Second, since a composite wave considered here, we cannot obtain the desired esti-
mate δ̃2 ≤ Cδ3 as in Hoff-Liu [7]. Here, we can only obtain the estimate δ/C ≤ δ̃2 ≤ Cδ.
We know that the estimate δ̃2 ≤ Cδ3 is crucial for Hoff and Liu to complete the proof
of the main result in [7]. We apply some innovative energy estimate techniques to obtain
many new estimates, and thus overcome this difficulty.
Third, since there are two viscous shock waves in two different characteristic fields
and the initial perturbation is generic, wave interactions do occur. Based on wave struc-
ture and the superposition being linear, we can obtain our desired estimates of wave
interactions to get our whole energy estimates.
The second part is the third chapter in this paper. It’s main aim is to study the zero
dissipation limit problem for the one-dimensional Navier-Stokes equations of compressible,
nonisentropic gases. We also obtain similar results as the above isentropic case. Except
the same difficulties as the isentropic case, main difficulties lie in two sides:
First, due to nonisentropic, the nonlinearity and coupling are much stronger which
make the construction of approximating solutions become complex and energy estimates
become difficult and technique. In fact, in the case of isentropic, we can use two rarefaction
waves to construct the approximation solution. However, in the case of nonisentropic
case, we must use two rarefaction waves and a contact discontinuity wave to construct
the approximation solution. This makes the problem become very difficult. We apply the
technical energy estimate method to overcome this difficulty.
Second, due to three different characteristic directions and generic initial perturba-
tion, we cannot use the anti-derivative technique directly. We skillfully apply the new
linear diffusion wave introduced in [8] and then we can use the anti-derivative technique
to achieve our goal.
The final part is the forth chapter in this paper. In this chapter, we study the zero
relaxation limit problem for a semilinear hyperbolic system with relaxation. Precisely,
we consider the case that the corresponding equilibrium equation admits the rarefaction
wave solution. We show that if the wave strength is sufficiently small, then the solution
for the relaxation system exists globally in time and converges to the solution of the
corresponding rarefaction waves uniformly as the relaxation time goes to zero except for















to the time t. Here, we apply the method in [9,10], but our energy estimate method is
new. Moreover, since we allow that the limits (u±, v±) of the initial data at x = ±∞ do
not satisfy the equilibrium equation, i.e., v± 6= f(u±), we cannot use the classic energy
estimate method directly. Here, we skillfully construct a pair of new correction functions
to overcome this difficulty.
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